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Abstract 

We construct a distance on the moduli space of symplectic toric manifolds of dimension four. 
Then we study some basic topological properties of this space, in particular, connectedness, 
compactness and completeness. The construction of the distance is related to the Duistermaat- 
Heckman measure and the Hausdorff metric. While the moduli space, its topology and metric, 
may be constructed in any dimension, the tools we use in the proofs are four-dimensional, and 
hence so is our main result. 



1 Introduction 

A toric integrable system 



/i := {fMi,. . . ,Hn): M 



is an integrable system on a connected symplectic 2n-dimensional manifold (M, lo) in which all the 
flows generated by the /Uj, i = 1, . . . ,n, are periodic of a fixed period. That is, there is an action 
of a Hamiltonian n-dimensional torus T on M with momentum map /i. We will assume that this 
action is effective and that M is compact. In this case, the quadruple (M, w,T,^) is often called 
a symplectic toric manifold of dimension 2n, to emphasize the connection with toric varieties (in 
fact, all symplectic toric manifolds are toric varieties, eg. see Remark 9 and [8, 10]). 

The goal of the paper is to construct natural topologies on moduli spaces of compact symplectic 
toric 4-manifolds under natural equivalence relations and study some of their basic topological 
properties. 

Throughout most of this paper we will assume that n = 2, but several definitions hold in more 
generality. 

1.1 The moduli space Mt 

Let (M, a;,T,/i) and (Af , w', T, ^u') be symplectic toric manifolds, with effective symplectic actions 
p: T — )• Sympl(M, Li;) and p': T — )■ Sympl(M', w'). Two symplectic toric manifolds are isomorphic 
if there exists an equivariant symplectomorphism ip: M ^ M' such that 

fi' o (f = fi. 

We denote by Mt the moduli space of 2n- dimensional symplectic toric manifolds under this 
equivalence relation. 

The convexity theorem of Atiyah [1] and Guillemin-Sternberg [13] asserts that the image of the 
momentum map is a convex polytope. In addition, if the action is toric (the acting torus is precisely 
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half the dimension of the manifold) the momentum image is a Delzant polytope (see Section 2). 
As explained in Section 2.2, Delzant's classification theorem [8] gives a bijection 



Mt — > Dj 
[(M,w,T,/i)] ^ /i(M). 

For simplicity we usually write (M, a;,T, instead of [(M, w, T, /x)] . 



(1) 



1.2 The moduli space Mt 

Following [18], we say that two symplectic toric manifolds {M,uj,T, fj,) and (M' ,uj' ,T, fj,') are equiv- 
ariantly isomorphic if there exists an automorphism of the torus /i : T — )■ T and an /i-equivariant 
symplectomorphism ip: M ^ M', i.e. such that the following diagram commutes: 



T X M 
T X M' 



M'. 



(2) 



We denote by Mt the moduli space of equivariantly isomorphic 2n- dimensional symplectic toric 
manifolds (Section 2.2 provides more details). 

Two equivariantly isomorphic toric manifolds (M, a;,T,/i) and {M' ,u}' ,T, fj,') are isomorphic if 
and only if h in (2) is the identity and fj,' = o if. 



1.3 Topologies and metrics 

We consider the space of Delzant polytopes "Dj and make it a metric space by endowing it with 
the distance function given by the volume of the symmetric difference 

(Ai \ As) U (A2 \ Ai) 

of any two polytopes. 

The map (1) allows us to define a metric dj on Mt as the pullback of the metric defined on 
Dt, thereby getting the metric space (MT,<iT)- This metric induces a topology v on Mt (and by 
definition it follows that (Mt,^^) is a metrizable topological space). 

Let AGL(n,Z) = GL(n, Z) x M" be the group of affine transformations of M" given by 

X I-)- Ax + c, 

where A G GL(n, Z) and c G M". We say that two Delzant polytopes Ai and A2 are AGL(n, Z)- 
-equivalent if there exists a € AGL(n, Z) such that a{Ai) = A2. Let Dt be the moduli space of 
Delzant polytopes modulo the equivalence relation given by AGL(n,Z); we endow this space with 
the quotient topology induced by the projection map 

TT : Vj Vj/AGL{n,Z) . 

As we will see in Section 2.2, there exists a bijection ^ between Mt and T)j (in fact, it is 
induced by (1)); thus Mt is also a topological space, with topology V induced by ^. We refer to 
this topological space as the pair (Mt,z?). 



2 



1.4 Main Theorem 



Let *B(]R") be the a-algebra of Borel sets of M", and let A: R>o U {00} be the Lebesgue 

measure on M". Let 5S'(]R") C 53(1^") be the Borel sets with finite Lebesgue measure, and define 

diA,B):=\\xA-XB\\L^, (3) 

where XC- 1^" ~^ ^ denotes the characteristic function of C € 5S'(M"). This extends the distance 
function defined above on Tlj, but it is not a metric on *B'(M"). Identifying the sets A, B in *B'(M") 
for which d{A,B) = 0, we obtain a metric in the resulting quotient space of *B'(M") (see Section 
2.1 for details). 

For every A G 5S'(M^), we denote by [A] the equivalence class of A with respect to this identifi- 
cation. Let C be the space of convex compact subsets of with positive Lebesgue measure, be 
the class of zero Lebesgue measure elements, and 

e := {[A] I A G e}U0. 

The space 

e c <b'(m2)/ ^ 

equipped with the metric d as in (3) is a metric space. 
We prove the following theorem. 

Theorem 1. Let M.j and Mt be the moduli spaces of toric four- dimensional manifolds, under 
isomorphisms and equivariant isomorphisms, respectively. Then: 

(a) (Mt,I/) is connected; 

(b) CMjjdj) is a non-locally compact, non-complete metric space. Its completion can he identified 
with the metric space {C,d) in the following sense: we identify (Mt,c?t) with {'Dj,d) via (1), 
and the completion of [Tfj^d) is {C,d). 

Remark 2. Metric spaces are Tychonoff (that is, completely regular and Hausdorff), therefore Mt 
is Tychonoff. The Stone-Cech compactification [29, 5] holds for Tychonoff spaces. The Stone-Cech 
compactification in general gives rise to a compactified space which is Hausforff and normal. Hence 
Mt admits a Hausdorff compactification. 

Remark 3. Theorem 1 answers the case 2n = 4 of Problem 2.42 in [2G]. We do not know if the 
analogue statement to Theorem 1 holds in dimensions greater than or equal to six. Note that the 
constructions of the moduli spaces Mt and Mt do not depend on dimension. 



Structure of the paper 

In Section 2 we introduce the topological spaces we are going to work with, involving Delzant 
polytopes and symplectic toric manifolds, under certain equivalence relations. The ingredient that 
allows us to relate these two categories of spaces is the Delzant classification theorem (Theorem 7). 

Section 3 starts with a detailed analysis of how to construct Delzant polygons (i.e. polytopes of 
dimension 2) following a simple recursive recipe presented in [IS]. This recipe is a main technical 
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tool for the present paper, and no such method is known for polytopes of dimension greater than or 
equal to three. The remainder of this section and Section 4 are devoted to proving the connectedness 
and metric properties of the space of Delzant polygons (or rather, a natural quotient of it); the 
main theorem of the paper is implied by the results proven in these sections. 

Finally, in Section 5, several open problems are presented. The appendix contains a brief review 
of the polytope terms we use in the paper. 

2 Delzant polytopes and toric manifolds 

2.1 A metric on the space of Delzant polytopes Dx 

In this paper we are interested only in convex full dimensional polytopes, which we will simply call 
polytopes. We refer to Section 6 for the basic definitions on polytopes. 

Definition 4. (following [ i]) A convex polytope A in M" is a Delzant polytope if it is simple, 
rational and smooth: 

(i) A is simple if there are exactly n edges meeting at each vertex v €V; 

(ii) A is rational if for every vertex v €V, the edges meeting at v are of the form v + tui, t > 0, 
and Ui € Z"; 

(iii) A vertex v £ V is smooth if the edges meeting at v are of the form v + tUi, t > 0, where the 
vectors ui, . . . ,Un can be chosen to be a Z basis of Z". A is smooth if every vertex v (zV is 
smooth. 

Let Dx denote the space of Delzant polytopes in M^, where n = dimT. We construct a topology 
on Df, coming from a metric. 

Recall that the symmetric difference of two subsets A and B of M" is 

AAB := {A^B)U{B\ A). 

Let 03 (M") be the cr-algebra of Borel sets of M", and let 

A: *B(M") ^ M>o U {oo} 

be the Lebesgue measure on M". 

Definition 5. Let *B'(]R"') C *B(M") be the Borel sets with finite Lebesgue measure, and define 

d: QS'(M") X *B'(M") ^ M>o 

to be 

d{A,B):=X{AAB)= [ \xa - XB\dX = \\xA - XB\y, (4) 

where XC- ~^ ^ denotes the characteristic function of C G *B'(M"). 
Observe that d is symmetric and satisfies the triangle inequality, since 

AAC C AAB U BAC. 
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However, in this space, d{A,B) = does not necessarily imply that A = B. We introduce in 
the equivalence relation where 

Ar^ B if and only if \{AAB) = , 

and now clearly have that the induced d: (*B'(M") / (55' (M") / ^) ^ IR>o is a metric (associated 
to the norm). 

Observe that if A, S G Dt C *B'(]R") and A ~ B then A = B. Therefore 

(Dt/ ~) = Tij 

and the restriction of d to Df is a metric. Hence [Ttj^d) is a metric space, endowed with the 
topology induced by d. 

2.2 Symplectic toric manifolds 

We review the ingredients from the theory of symplectic toric manifolds which we need for this 
paper, in particular the Delzant classification theorem. 

A symplectic manifold {M,uj) is a pair consisting of a smooth manifold M and a symplectic 
form uj, i.e. a non-degenerate closed 2-form on M. Let T be a torus with Lie algebra t. The torus 
T is Lie group isomorphic to a finite product of circles = M/Z. 

Suppose that T acts on (M, cj) symplectically (i.e. by diffeomorphisms which preserve the 
symplectic form). The action 

T X M ^ M 

of T on M is denoted by (t, m) ^ t ■ m. 

A vector X of the Lie algebra t generates a smooth vector field Xm on M, called the infinitesimal 
generator, given by 

d 



exp(iX) • m, 

i=0 



where exp: t ^ T is the exponential map of Lie theory and m G M. We write i^Xm^ ■~ '^(^Mj ■) S 
Q^{M) for the contraction 1-form. 

Let (•,•): t* X t ^ M be the duality pairing. The T-action on (M, w) is said to be Hamiltonian 
if there exists a smooth invariant map M — )■ t*, called the momentum map, such that for all 
X G t we have that 

'-XmW = d(/i,X). (5) 

As defined in Section 1, a symplectic toric manifold {M,uj,T, fi) is a symplectic compact con- 
nected manifold {M,uj) of dimension 2n endowed with an effective Hamiltonian action of an n- 
dimensional torus T and with momentum map /i : M — ?• t*. 

Let {M,u},T, n) and (M', w', T, /i') be symplectic toric manifolds, with effective symplectic ac- 
tions p:T ^ Sympl(M,a;) and p' : T ^ Sympl(M', w')- 

Definition 6. Two symplectic toric manifolds (M, a;,T,/x) and {M' ,uj' ,T, p') are isomorphic^ if 
there exists an equivariant symplectomorphism ip: M —?■ M' such that 

p' o if = p. 



^In the literature, these manifolds are usually called equivariantly symplectomor-phic. However, the same name is 
sometimes also used for the notion in Definition If, and so we use different names to distinguish the two. 
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We denote by Mx the moduli space of 2n-dimensional isomorphic toric manifolds. 
The following is an influential theorem by T. Delzant ([<^]). 

Theorem 7 (Delzant's Theorem). There is a one-to-one correspondence between isomorphism 
classes of symplectic toric manifolds and Delzant polytopes, given by: 

J^j y 2)^ 

[(M,a;,T,/i)] ^ ^t{M). 

As a consequence of this bijection, we can endow Mt with the pullback metric. Namely, let 
Ml = (Ml, wi, T, ^i) and M2 = (M2, aj2, T, /i2) be two symplectic toric manifolds. Then 

dj{MuM2) := A(//i(Mi) A/i2(M2)), (7) 

where A denotes the Lebesgue measure. 

Remark 8. Observe that the metric dj defined in (7) is related to the Duistermaat-Heckman 
measure (['■)]). Indeed, for a symplectic toric manifold M with momentum map /i, the induced 
Duistermaat-Heckman measure of a Borel set U C M" ~ t* is simply given by 

mDH(C/) = A([/n/i(M)). 





Remark 9. T. Delzant [8, Section 5] observed that a Delzant polytope gives rise to a fan 
("eventail" in French), and that the symplectic toric manifold with associated Delzant polytope A 
is T-equivariantly diffeomorphic to the toric variety defined by the fan. 

The toric variety is an n-dimensional complex analytic manifold, and the action of the real torus 
T on it has an extension to a complex analytic action on of the complexification Tc of T. 



Remark 10. In dimension 4, there is another class of integrable systems which is classified: those 
called semitoric [24, 25]. 

Now we introduce a weaker notion of equivalence between toric manifolds, following [18]. 

Definition 11. Two symplectic toric manifolds (M, w,T,^) and (M' ,u}' ,T, fj,') are equivariantly 
isomorphic if there exists an automorphism of the torus /i : T — )■ T and an /i-equivariant symplec- 
tomorphism ip-.M^ M' , i.e. such that the following diagram commutes: 



T X M 
T X M' 



p* 



-M 
M'. 



(8) 



We denote by Mx the moduli space of equivariantly isomorphic 2n-dimensional toric manifolds. 

It is easy to see that two equivariantly isomorphic toric manifolds are isomorphic if h is the 
identity. 
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Recall that the automorphism group of the torus T = is given by GL(n, Z); thus the 

automorphism h is represented by a matrix A G GL(n, Z). Let AGL(n,Z) be the group of affine 
transformations of given by 

X !->■ Ax + c, 

where A E GL(n,Z) and c S M". We have the following: 

Proposition 12. ([1^, Proposition 2.3 (2)]) Two symplectic toric manifolds (M,u},T, fx) and 
(M', tj', T, fj,') are equivariantly isomorphic if and only if their momentum map images are AGL(n, Z)- 
congruent. 

Thus, if we define Dt to be the moduli space of AGL(n, Z)-equivalent Delzant polytopes, 

Vj := !DT/AGL(n,Z), 
Proposition 12 implies that the isomorphism in (6) descends to an isomorphism 

Mr — y'Dj. (9) 

Let _ 

vr : 2)x — y Dj 

be the projection^map; we endow with the quotient topology 6. 
We endow Mt with the topology V induced by the isomorphism (9). 

3 Connectedness of the space {Dj, 6) 
3.1 Classification of Delzant polygons in 

We introduce the definitions of rational length and corner chopping of size e, which will be used in 
the classification of the Delzant polytopes in R^: 

Definition 13. (following [Is, 2.4 and 2.11]) 

(i) The rational length of an interval / of rational slope in M" is the unique number / = length(I) 
such that the interval is AGL(n, Z)-congruent to an interval of length / on a coordinate axis. 

(ii) Let A be a Delzant polytope in M" and v a vertex of A. Let 

{v + tui\0<t< ii} 

be the set of edges emanating from v, where the ui,...,Un generate the lattice Z" and 
ii = length(nj). For e > smaller than the £j's, the corner chopping of size e of A at is the 
polytope A' obtained from A by intersecting with the half space 

{v + tiui H h tnUn \ti-i h t„ > e}. 

In R^, all Delzant polygons can be obtained by a recursive recipe, which can be found in [18, 
Lemma 2.15]: 
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e 




Figure 1: A corner chopping of size e. 



Lemma 14. The following hold. 

1. Any Delzant polygon A C with three edges is AGL{2,1,) -congruent to the Delzant triangle 
A.X for a unique A > (Example 15). 

2. For any Delzant polygon A C with 4 + s edges, where s is a non-negative integer, there 
exist positive numbers a > b > 0, an integer < k < 2a/b, and positive numbers £i,. ■ ■ ,£s, 
such that A is AGL(2, l^-congruent to a Delzant polygon that is obtained from the Hirzebruch 
trapezoid Ha^b,k (see Example 15) by a sequence of corner choppings of sizes ei, . . . ,es- 




Figure 2: The Delzant triangle A;^ and the Hirzebruch trapezoid Ha^b,k- 

Example 15. Figure 2 shows the Delzant triangle A;s^ and the Hirzebruch trapezoid Ha^b,k- The 
Delzant triangle, 

Ax := {(2:1, 2:2) \ xi > 0,X2 > 0, xi-\- X2 < A}, 

is the momentum map image of the standard action on CP^ endowed with the Fubini-Study sym- 
plectic form. This form is normalized so that the symplectic area of each of the CP^'s corresponding 
to the edges is 27rA. 

The Hirzebruch trapezoid, 

Ha,b,k ■= {{xi,X2) \ - ^<X2<^, 0<xi<a-kx2}, 

is the momentum map image of the standard toric action on a Hirzebruch surface. Here b is the 
height of the trapezoid, a is its average width, and is a non-negative integer such that the right 
edge has slope — 1/A; or is vertical if k = 0. Moreover a and b have to satisfy a > b and a — k^ > 0. 
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3.2 Proof of Theorem 1 (a) 

Recall that {Dj,d) is the space of Delzant polytopes in M? together with the distance function 
given by the area of the symmetric difference and that Tlj is the quotient space 

Dt/AGL(2,Z) 

with the quotient topology 5, induced by the quotient map vr: Df — )• Vj. 

In order to prove Theorem 1 (a), given the isomorphism (9), it is enough to prove the following. 

Theorem 16. The space (2)^,5) is connected. 

Proof. Let S C Dj be the subset that contains all Delzant triangles for A G M"*", all Hirzebruch 
trapezoids Ha^b,k with a, 6 € M such that a > 6 > and k < 2a/b a non-negative integer, and also 
all Delzant polygons obtained from Hirzebruch trapezoids by a sequence of corner choppings (cf. 
Lemma 14). We will prove that S is path connected in T>j. 

First of all, observe that the intuitive paths from a Delzant polygon P to a translation of P or 
a scaling of P by a positive factor (or a composition of the two) are clearly continuous with respect 
to the topology induced by d. Furthermore if P is in S then so is the entire path. The same holds 
when moving an edge parallel to itself without changing the total number of edges (see Figure 3). 



Figure 3: Moving an edge parallel to itself. 

In particular, all Delzant triangles A a are connected by a path in § and so are the Hirzebruch 
trapezoids -ffa,6,fc5 for each fixed k. 

Secondly, if Ps is obtained from P by a corner chopping of size e at a vertex v £ P, then P and 
Pe are path connected in Dj; the path is simply given by 7: [0, 1] T)j where 

7(i) := Pte, 

which is still in Dt- Thus any Delzant polygon obtained from Ha^b,k by a sequence of corner 
choppings is connected to Ha,b,k via a path in S. 

Let us now see that for > there is a continuous path between the Hirzebruch trapezoid 
Ha,b,k and the Hirzebruch trapezoid Ha^b,k+i, where now < k,k + 1 < 2a/b. The first half of 
the path connects Ha^b.k to the polygon H'^ bk^y corner chopping at the top right vertex, and the 
inverse of the second half connects Ha,b,k+i to H'^ 6 fc by corner chopping at the bottom right vertex 
(cf. Figure 4). 

Note that H'^ f, fc is still a Delzant polygon; it suffices to check smoothness at the new vertex, 
and indeed 

-{k + l) k 
1 -1 



det 



1. 
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Figure 4: H'^ 



for k > 1 and H' 



a,b,0- 



Combining with previous observations, we conclude that all Hirzebruch trapezoids with k > lie 
in the same path connected component of S. 

In order to conclude that S is path connected, it remains to check that there exists a continuous 
path between, for example, -ffA,A,o and A^. Let 



be the path such that: 

(i) j{t) is the corner chopping of size Xt at the top right vertex of the square i^A,A,0 for < t < 1, 

(ii) 7(0) := Hxxo, and 

(iii) 7(1) := Aa. 

The path 7 is continuous with respect to the topology on Dj. 

By Lemma 14, we know that every element of T)j has a representative in S, therefore S being 
path connected implies that T)j is path connected, and hence connected. □ 

4 Topology of the space (Dt, d) 

In this section we prove Theorem 1 (b). By isomorphism (9), it suffices to study the topological 
properties of CDj^d). 

Let (*B'(M2)/ be the metric space introduced in Section 2.1. 

Proposition 17. The space {T>f,d) is not complete. 

Proof. We prove that {Tfj, d) is not complete, by giving an example of a Cauchy sequence in {T)j, d) 
which converges in whose limit is not a smooth polytope, hence not in D^. For 

k ^ 1 consider the Hirzebruch surface Ha,b,k-, and note that we can rewrite a as 



7: [0,1] 



bk 



a 




where c is the length of the top facet. Then, the sequence 



He 



+ 



n = 1, 2, 3, . . . 



is Cauchy, but its limit is a right angle triangle that is not Delzant (see Figure 5). 



□ 
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Figure 5: The vertex v is not smooth. 



Remark 18. Note that {T)j, d) is also non-compact, since compact metric spaces are automatically 
complete. 

Let S C *B'(M^) be the space of convex compact subsets of with positive Lebesgue measure. 
Note that \i A, B & Q and d{A, B) = then A = B, and so d is a metric on C The same observations 
hold for the space of convex 2-dimensional polygons in M?, and CPq, the space of rational convex 
2-dimensional polygons in M^. We have the following inclusions of metric spaces: 

(DT,d) C i'J>Q,d) c (^2,(1) c {e,d). 

As we will see in the proof of Theorem 24, the inclusions above are dense. 

For every A € *B'(M^), we denote by [A] the equivalence class of ^ with respect to the equivalence 
relation ~ defined in Section 2.1. We define to be the equivalence class of elements of *B'(M^) 
with zero Lebesgue measure, and 

e = {[^] |^ee}u0. 

Observe that can also be represented by a convex set, namely a single point in M?. Thus 
C C *B'(]R^)/ ~ and (C, d) is a metric space. We will prove in Theorem 20 that it is complete. For 
that we need the following Lemma. 

Lemma 19. Let A S be convex and non-bounded. If X{A) > 0, then X{A) = oo. 

Proof. Consider two points p, q € A. By convexity of A, the segment ipq connecting p to q is 
contained in A. Since X{A) > 0, there exists a point r £ A non collinear to p and q. Hence the 
whole triangle pqr is contained in A. 

Let C be the circle inscribed in the triangle pqr, and {a„}„gN a sequence of points in A such 
that ||a„,||]g2 — >■ oo. For each a^, there exists a diameter D„ of C such that the triangle Tn C A 
with basis Dn and third vertex a„ is isosceles, which guarantees that 

A(r„) oo, 

and so A(^) = oo. □ 
Theorem 20. (C, d) is a complete metric space. 

Proof. Let {[An]}neN be a Cauchy sequence in C, with An convex. By definition of d (see (4)), 
the sequence {xA„}neN is Cauchy in L^(M^). By completeness of L^(M^), there exists a function 
/ G L^(]R2) such that 

\\XA„ - /IIli ^ 0. 
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Thus, there exists a subsequence Xa^^ ^i^d a zero measure set C such that 

{x) fix) 

for all X gR'^\E. Let 

A = {xeR'^\E\ f{x) = 1}; 
from the definitions it follows immediately that Xa„^ (x) — )• xa{x) for all x € \ and 

\\xA„ - xaIIli 0. 

It's easy to see that X{A) < oo, thus A E *B'(]R2). If A(A) = this means that [A] = 0, which 
belongs to C. Let us now assume that X{A) > 0; we have to prove that A is almost everywhere 
equal to a convex compact subset of M?. Let A' be the convex hull of A. Then, for any p £ A' 
there exists q, r € ^ such that 

p = tq+ (1 -t)r 

for some t € [0, 1] . Since q, r € ^, there exists € N such that for alH > 

XAn, (q) = XAn, (r) = 1 , 

that is q, r G A^^ for all I > N. Since An is convex for all n, this means that p € A^ for all / > N, 
which implies that 

XA„^ {x) XA'{x) 
almost everywhere in A' U {M? \A) = M^. Hence 

A(^' \ ^) = 0. 

Now it is sufficient to observe that, since A' is convex, its boundary dA' has Lebesgue measure zero 
(see [20]), and since A' is also convex with X{A') = X{A) < oo, by Lemma 19 it is bounded, hence 
compact. 

□ 

Remark 21. Theorem 20 also proves that the completion of {C,d) is (C, d). 

Before investigating what the completion of {T)T,d) is, we first prove an auxiliary result, the 
content of which is related to resolving singularities on toric varieties (see Remark 9 and [7] ) . Recall 
that a vector u € 7? is called primitive if, whenever u = kv for some k € Z and u € Z^, then 
k = ±1. 

Lemma 22. Let A be a simple rational polytope in that fails to he smooth only at one vertex 
p; the primitive vectors u,v £1? which direct the edges at p do not form a Z-basis of 1? . Then 
there is a simple rational polytope A with at most 

|det f] I — 1 

more edges than A that is a smooth polytope and is equal to A except in a neighborhood of p. 
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Proof. Let u = {a,b) and v = {c,d). We claim that there is always a matrix A € GL(2,Z) and 
(qOjCh) € a primitive vector such that 



a 


c 




' 1 


ao 


b 


d 







ai 



A 



If we set Qi = |det [uf] |, the claim is equivalent to being able to solve the following for qq: 



a uq 
bao 



: C 

d 



mod ai 
mod ai 



Note also that qq ^ mod ai, or it would contradict (ao,ai) being primitive. 

The primitive vectors directing the edges of the polygon A{A) at the non-smooth vertex ^(p) 
are (1, 0) and {ao, ai). We can additionally do a shear transformation via a matrix of the form 



Si 



1 k 
1 



and obtain a GL(2, Z)-equivalent polygon Si^(A) for which the non-smooth vertex SiA{p) has 
edge directing vectors (1,0) and {02, ai) where < 02 < «i- 

We now create a new vertical edge on the polygon SiA{A) as close to the vertex 5i^(p) as 
desired, and thereby eliminating that vertex. Call this new polygon Ai. Of the two vertices at the 
endpoints of this new edge, one is clearly smooth: the one with edge directing vectors (1,0) and 
(0, 1). The other vertex has edge directing vectors (0, —1) and (02, oi) and is smooth if and only if 



det 



02 
-1 ai 



02 = 1. 



If it is, the desired polytope A is 



A~'S^HAi). 

Otherwise, the process continues: let B be the matrix 



B 



-1 

1 



Then the polygon B{Ai) is smooth except at one vertex, pi, which has edge directing vectors 
S((0,-1)) = (1,0) and 

B{{a2,ai)) = {-01,02)- 

As before, we can apply a shear transformation to obtain 52-B(Ai) such that the edge directing 
vectors at the non-smooth vertex 52-B(pi) are of the form (1,0) and (03,0:2) with < 03 < 02- 
Proceeding exactly as before, we create a new vertical edge on the polygon S'2-B(Ai) as close to 
the vertex (S'2-B(pi) as desired, and thereby eliminating it. Call this new polygon A2. Of the two 
vertices at the endpoints of the new edge, the one with edge directing vectors (0,1) and (1,0) is 
clearly smooth, the other one has edge directing vectors (0, —1) and (03, 02) and is smooth if and 
only if 03 = 1. If that is so, the desired polytope A is 



A^^S^^B^^S^^{A 
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otherwise we repeat the process. 

Because ai,a2,a3, ■ ■ ■ is a strictly decreasing sequence of non-negative integers, it will reach 1 
in at most qi — 1 steps, thus terminating the process and producing A with at most ai — 1 more 
edges than A. □ 



Remark 23. Note that the process described in the proof of Lemma 22 does not rely on A being 
smooth at all vertices other than p. In fact, the result holds for any simple rational non-smooth 
polytope A, with any number of non-smooth vertices, except that the number of extra edges will 
be 

(|det [uiVi] I - 1) , 

Pi 

where the pjS are the non-smooth vertices of A. The new polytope A is equal to A except in 
neighborhoods of the vertices pi that can be made as small as desired. 

Now we are ready to prove the main theorem of this section. 
Theorem 24. The completion of{T)f,d) is {C,d). 
Proof. Recall that 

{Vj,d) C {'?Q,d) C {'P2,d) c {e,d). 

We begin by proving that the completion of (Dt, d) contains {Tq, d), that the completion of (Tq, d) 
contains {'S'2,d), and that the completion of (J'2,c^) contains (C,(i). Then by Remark 21 the con- 
clusion follows. 

Because d is a metric on CPq that coincides with the given metric on D^, in order to prove that 
the completion of Dx contains it sufhces to show that for each A G there exists a polygon 
in Df as close to A as desired, relative to the metric d. Lemma 22 and in particular Remark 23 
guarantee that this is so. 

Because d is a metric on 7 2 that coincides with the given metric on [Pq, in order to prove that 
the completion of contains {?2-,d) it suffices to show that for each A G 1*2 there exists a 

polygon Aq € ^Pq as close to A as desired, relative to the metric d. This rational polygon Aq 
can be obtained by approximating the irrational slopes of the edges of A by rational numbers and 
chosing for directing vectors of the edges the corresponding lattice vectors, and also by changing 
the vertex points accordingly. This way, we can make the symmetric difference between the original 
polygon A and the rational polygon Aq be contained in a e-ball of the edges of A, the area of 
which can be made as small as needed by making e small enough. 

Because d is a metric on S that coincides with the given metric on [P2, in order to prove that 
the completion of (!P2,d) contains (C,d) it suffices to show that for each C € S there exists a 
polygon A2 € J'2 as close to C as desired, relative to the metric d. In order to do this, observe 
that given a compact convex set C € S and e > 0, there exists a collection of disjoint rectangles 
{[aj,6j) X [c.t,dj)}^;^ contained in C such that 

N 

WXC - X]^[a>A)x[c„d,)llLi < ^• 
i=l 
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Let A2 be the convex hull of Ut=i['^i) bi] x [a, di]. Since C is convex, we have 

n 

[J[ai,bi) X [ci,di) C A2 C C, 
1=1 

and hence 

Wxc - XA2IIL1 < 

which proves the claim. □ 
Proposition 25. The space {T>f,d) is not locally compact. 

Proof. To prove that {'Dj,d) is not locally compact, we show that the closure of any open ball 
Bs{Hi^ifi) C T>j is not compact in {T)j, d). For each fixed e, let | < 5 < e be an irrational number, 
and let Qs be the polygon in Figure 6. Note that Qs G J'2\23t- By a triangular inequality argument 
it's easy to see that 

i?|(Q5)C Be (^1,1,0). 

Because (Tljjd) is dense in (72, d) (see proof of Theorem 24), there exists a sequence of Delzant 
polygons 

that converges to Qs in {'J'2,d). Thus any subsequence of {An} also converges to Qs in {72, d), 
and hence does not converge in (!D'f,ii). This proves that the closure of B^{Hi^i^q) in Df is not 
compact. 

□ 




1 



Figure 6: The polygon Qs. 

Remark 26. There is another metric commonly used on C, namely the Hausdorff metric dn (see 
[3]). Given two elements A,B € C, we define 

d}i{A, B) := maxjsup inf \\x — y\\, sup inf ||y — . 

As proved in [28], the metrics d and dn are equivalent on C, and consequently all the topological 
properties proved for (C, d) and {T)f, d) also hold for (S, dj^) and (Dt, dn). We choose to work with 
d because on Tif this is related to the Duistermaat-Heckmann measure (see Remark 8). 
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Remark 27. Other moduli spaces of polygons have been studied for example in [15, 16] by Haus- 
mann and Knutson and in [17] by Kapovich and Millson. The former focuses on the space of 
polygons in M.^ with a fixed number of edges up to translations and positive homotheties, whereas 
the latter studies the space of polygons in E? with fixed side lengths up to orientation preserv- 
ing isometries. However these different contexts completely change the flavor of the topological 
problem. 



5 Further problems 

Theorem 1 leads to further questions (not directly related among themselves). 



S'^ xS^ X S 



Figure 7: Image of a non-toric integrable system on S'^ x T'^. The image is not a polytope, it is not 
even convex (this example is studied in detail in [27, Example 4.10]. 

Problem 28 (Completeness at manifold level). This question attempts to make more explicit 
the relation between the completion at the level of polytopes with the completion at the level 
of manifolds given in Theorem 1. View Mj as a subset of the set of (all) integrable systems on 
symplectic 4-manifolds 

3:={{M,u,F)\F:= {fij2): M ^R^}. 
The map v: J ^ 53' (M^) given by 

v{M,u},F) := F{M) 

extends (1) (see Figure 7 for an example of this image). What can one say about the intersection 

V := enu(j)? 

A different but related approach to the same problem is to enlarge the category of objects by 
relaxing the smoothness condition. For example, from the work of Lerman and Tolman in [21], we 
know that any rational convex polytope is the momentum map image of a symplectic toric orbifold. 
However we do not know of a similar identification for generic convex compact subsets of . 

Problem 29 (Higher dimensional moduli spaces). This paper addreses the case 2n = 4 of Problem 
2.42 in [26]. We do not have results on the higher dimensional case 2n > 6. 
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(0,2) (1,2) (0,2) (1,2) 




;,i) 



(0,0) (2,0) (0,0) (2,0) 



Figure 8: Ball packings of convex polytopes. These packings are not maximal density packings. 
Problem 30 (Continuity of packing density function). Consider the maximal density function 



which assigns to a symplectic toric manifold its maximal density by equivariantly embedded sym- 
plectic balls of varying radii (see [23, Definition 2.4] and Figure 8). The function is most interesting 
when considered on Mt/ — , where ~ corresponds to rescaling the symplectic form (since rescaling 
the symplectic form rescales the polytope and does not change the density). 

This paper gives a quotient topology on Mt/ — • With respect to this topology, is Q continuous? 
Q is an interesting map even if one disregards topology, for instance the fiber over 1 consists of 2 
points CP^ and CP"*^ x CP^ (proven in [22, Theorem 1.7]) with scaled symplectic forms, but for any 
other X € (0, 1) the fiber is uncountable [23, Theorems 1.2, 1.3]. 

Problem 31 (Toric actions and symplectic forms). It would be interesting to define a torus action 
on the moduli spaces Mt or Mt. Similarly for a symplectic form (eg [(!]). 

If one has both a torus action and a symplectic form, then one can formulate a notion of 
Hamiltonian action and momentum map, and study connectivity and convexity properties of the 
image (see for instance [14]). 

Problem 32 (Topological invariants). Compute the topological invariants (fundamental group, 
higher homotopy groups, cohomology groups, etc.) of the connected space Mt. 
Some preliminary questions in this direction are: 

(a) find non-trivial loop classes in 7ri(MT); 

(b) find non-trivial cohomology classes in H^(Mt,Z). 

In view of the constructions of this paper, one should be able to compute these classes with the aid 
of the concrete description of the polytope space. 

This problem is a particular case of [ "', Problem 2.46]. 

6 Appendix: Polytopes 

Let y be a finite dimensional real vector space. A convex polytope S" in y is the closed convex hull 
of a finite set {vi, . . . ,Vn}, i.e., the smallest convex set containing S or equivalently. 



fl : Mt/ (0, 1] 




17 



The dimension of Conv{?;i, ...,?;„} is the dimension of the vector space 

spanig{ui, . . .,Vn}. 

A polytope is full dimensional if its dimension equals the dimension of V. 

Note that the definition implies that a convex polytope is a compact subset of V. An extreme 
point of a convex subset C C y is a point of C which does not lie in any open line segment 
joining two points of C. Thus, a convex polytope is the closed convex hull of its extreme points 
(by the Krein-Milman Theorem [19]) called vertices. In particular, the set of vertices is contained 
in {vi, . . . ,Vn}- Clearly, there are infinitely many descriptions of the same polytope as a closed 
convex hull of a finite set of points. However, the description of a polytope as the convex hull of 
its vertices is minimal and unique. 

There is another description of convex polytopes in terms of intersections of half-spaces. Let 
V* be the dual of V and denote by 

{,) :V* xV 

the natural non-degenerate duality pairing. The positive (negative) half-space defined hy a (z V* 
and a G M is defined by 

V^a :={v£V \ {a,v) % a} . 

Traditionally, in the theory of convex polytopes, the half spaces are chosen to be of the form V~^. 
With these definitions, a convex polytope is given as a finite intersection of half-spaces. As for the 
convex hull representation, there are infinitely many representations of the same convex polytope 
as a finite intersection of half-spaces, but there exists a distinguished one that is minimal, as we 
will see in the next paragraph. 

A face of a convex polytope is an intersection with a half-space satisfying the following condition: 
the boundary of the half-space does not contain any interior point of the polytope. Thus the faces 
of a convex polytope are themselves polytopes (and hence compact sets) of dimension at most 
m — 1, where m is the dimension of the polytope. The (m — l)-dimensional faces are called facets, 
the 1-dimensional faces are the edges, and the 0-dimensional faces are the vertices of the polytope. 
If the convex polytope is full-dimensional, there is a minimal and unique description in terms of 
the half-spaces containing the facets. 
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